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Abstract
We suggest a formula for quantum universal R-matrices corresponding to
quasitriangular classical r-matrices classified by Belavin and Drinfeld for all
simple Lie algebras. The R-matrices are obtained by twisting the standard
universal R-matrix.
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1. Classical quasitriangular r-matrices for semisimple Lie algebras are clas-
sified by Belavin-Drinfeld triples [1]. The Belavin-Drinfeld triple (Γ1, Γ2, τ)
for a simple Lie algebra g = g+⊕h⊕g− consists of the following data: Γ1, Γ2
are subsets of the set Γ of simple roots of the algebra g and τ is a one-to-one
mapping: Γ1 → Γ2 such that < τ(α), τ(β) >=< α, β > and τ
k(α) 6= α for
any α, β ∈ Γ1 and any natural k. The corresponding quantum R-matrices
should have the form
R12 = F21R12 F
−1
12 , (1)
where R is the standard universal Drinfeld-Jimbo R-matrix for the Lie alge-
bra g. The twisting operator satisfies the cocycle equation
F12 (∆⊗ id)F = F23 (id⊗∆)F . (2)
Therefore the problem of quantization is reduced to the problem of finding
the twisting operator F12 for each Belavin-Drinfeld triple. In the present
paper we suggest a formula for the twisting operator F12. We present the
twisting operator in a factorized form
F12 = F
(N)
12 · F
(N−1)
12 · · ·F
(2)
12 · F
(1)
12 ·K , (3)
where the factors F (k) are special canonical elements defined by the powers of
the one-to-one map τ ; the operator K belongs to qh⊗h. A different formula
for the operator F12 was given in [2]. We shall say several words about the
differences at the end of the present paper.
The plan of our paper is as follows.
Our approach heavily uses the modified Cartan-Weyl basis for Uq(g). The
definition of the modified simple root generators is contained in Section 2.
In Section 3 we give an interpretation of Belavin-Drinfeld triples in terms of
the modified basis. In Section 4 a modified Cartan-Weyl basis is introduced.
The twisting operator F12 is constructed in Section 5. Finally, in Section 6
several examples are presented.
Everywhere below we assume the deformation parameter q to be generic
(not a root of unity).
2. Modified basis for quantum universal enveloping algebras.
Consider a quantum universal enveloping algebra Uq(g) with relations
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(see e.g. [3])
[hi, hj] = 0 , [hi, ej ] = aij ej , [hi, fj ] = −aij fj ,
[ei, fj] = δij
Ki −K
−1
i
qdi − q−di
, (4)
and Serre relations
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qdi
(ei)
k ej (ei)
1−aij−k = 0 , (5)
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qdi
(fi)
k fj (fi)
1−aij−k = 0 , (6)
where [
n
k
]
q
=
[n]q!
[k]q! [n− k]q!
, [k]q =
qk − q−k
q − q−1
,
aij is the Cartan matrix for g, Ki = q
dihi and di are smallest positive integers
(from the set 1, 2, 3) such that diaij = a
(s)
ij is symmetric matrix. The algebra
Uq(g) is a Hopf algebra with the comultiplication
∆(hi) = hi ⊗ 1 + 1⊗ hi ,
∆(ei) = ei ⊗Ki + 1⊗ ei , ∆(fi) = fi ⊗ 1 +K
−1
i ⊗ fi .
(7)
The antipode and the counit are
S(hi) = −hi , S(ei) = −eiK
−1
i , S(fi) = −Ki fi ,
ǫ(hi) = ǫ(ei) = ǫ(fi) = 0 .
Any operator K ∈ qh⊗h,
K = q(
∑
ij
bij hi⊗hj) , (8)
for arbitrary numerical matrix bij , obviously satisfies the cocycle equation
(2),
K12 (∆⊗ id)K = K23 (id⊗∆)K . (9)
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Therefore one can twist the comultiplication by K:
∆˜(a) := K∆(a)K−1 . (10)
We change the basis in the algebra Uq(g) by introducing new generators
Ei = Xi ei , Fi = fi Yi , (11)
where Xi = exp(
∑
j xij hj), Yi = exp(
∑
j yij hj) and xij , yij are some numeri-
cal matrices. We require that the comultiplication (10) for the new generators
(11) has the following form:
∆˜(Ei) = K∆(Ei)K
−1 = Ei ⊗ R
+
i + 1⊗Ei ,
∆˜(Fi) = K∆(Fi)K
−1 = Fi ⊗ 1 + R
−
i ⊗ Fi .
(12)
Equations (12) relate operators Xi, Yi and K.
A comparison of (7) and (12) gives
Xi = q
−
∑
mn
hmbmnani ≡ q−(h b a)i , Yi = q
∑
mn
hmbnmani ≡ q(h b a)i ,
and
R±i = XiK
±1
i Yi = K
±1
i q
−(h(b−b)a)i , R+i = K
2
i R
−
i , (13)
where bmn = bnm is the transposed matrix.
The relations (4) and Serre relations (5), (6) for the quantum algebra
Uq(g) in terms of the new generators (11) take the form
[Ei, Fj] = δij
R+i − R
−
i
qdi − q−di
, (14)
R±i Ej = q
±a
(s)
ij
+Aij Ej R
±
i , R
±
i Fj = q
∓a
(s)
ij
−Aij Fj R
±
i , (15)
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qdi
q−kAij (Ei)
k Ej (Ei)
1−aij−k = 0 , (16)
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qdi
qkAij (Fi)
k Fj (Fi)
1−aij−k = 0 , (17)
with a skewsymmetric matrix Aij = (a(b− b)a)ij .
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In the sequel we shall use q-commutators: [A,B]µ := AB − µB A. Re-
lations (16), (17) can be conveniently rewritten in terms of q-commutators.
For example, for aij = 0 the relations [ei, ej] = 0 = [fi, fj] are rewritten as
[Ei, Ej ]qAij = 0 , [Fi, Fj ]q−Aij = 0 ,
while for aij = −1 we have
[[Ei, Ej ]µ, Ei]ν = 0 = [Ej , [Ei, Ej]µ]ν ,
[[Fi, Fj]ν , Fi]µ = 0 = [Fj , [Fi, Fj]ν ]µ .
(18)
where µ = qdi+Ai j , ν = qdi−Ai j .
Remark. The modified basis for multiparametric twistings of Uq(g) has
been considered by T.Hodges [4].
3. Modified basis and Belavin - Drinfeld triples.
All the data from the Belavin-Drinfeld triple can be conveniently inter-
preted in terms of the modified basis for a suitable matrix bij :
Proposition. Let Γ be the set of simple roots of g, Γ1 and Γ2 subsets of Γ
and τ a one-to-one mapping: Γ1 → Γ2. Then the following equations for the
matrix bij
R+αi = R
−
τ(αi)
∀ αi ∈ Γ1 (19)
where R±αi ≡ R
±
i , admit a solution if and only if the triple (Γ1, Γ2, τ) is the
Belavin-Drinfeld triple.
Proof. Assume that a solution of equation (19) exists. We then need to
prove that the mapping τ satisfies conditions:
1) for any α ∈ Γ1 there is a natural k for which τ
k(α) ∈/Γ1 , (20)
2) for any α, β ∈ Γ1 , < τ(α), τ(β) >=< α, β > . (21)
The condition (20) means that τ has no cycles: τk(α)) 6= α for all α ∈ Γ1
and k > 0.
Indeed, assume that τ has a cycle, τk(α) = α for some α ∈ Γ1 and a
natural k. Take a minimal k with this property.
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Then R+
τk(α) = R
+
α and equations (13) imply
R+α = R
−
τ(α) = K
−2
τ(α)R
+
τ(α) = . . . =
(∏k
i=1 K
−2
τ i(α)
)
R+
τk(α)
=
(∏k
i=1 K
−2
τ i(α)
)
R+α .
(22)
Therefore (
k∏
i=1
K−2
τ i(α)
)
= 1 ,
which contradicts to the independence of generators in the Cartan subalgebra
of Uq(g). Thus, τ
k(α) never equals α which proves the condition (20).
To prove the condition (21), note that eq. (19) is equivalent to the fol-
lowing condition on the skewsymmetric matrix Amn = (a(b− b)a)mn
Aim + Amτ(i) + a
(s)
im + a
(s)
τ(i)m = 0 , (23)
where the subscript m runs over all simple roots while i numerates only roots
from Γ1. Eq. (23) is obtained by commuting both sides of eq. (19) with em
(or fm). Here it is important that q is not a root of unity.
For indices i,m corresponding to roots αi, αm ∈ Γ1, eq. (23) can be
rewritten in the following three equivalent forms
Aiτ(m) + Aτ(m)τ(i) + a
(s)
iτ(m) + a
(s)
τ(i)τ(m) = 0 , (24)
Ami + Aiτ(m) + a
(s)
mi + a
(s)
τ(m)i = 0 , (25)
Amτ(i) + Aτ(i)τ(m) + a
(s)
mτ(i) + a
(s)
τ(m)τ(i) = 0 , (26)
The combinations (23) + (25) and (24) + (26) of the equations are, respec-
tively,
2a
(s)
im = −a
(s)
τ(m)i − a
(s)
τ(i)m −Amτ(i) − Aiτ(m) , (27)
2a
(s)
τ(i)τ(m) = −a
(s)
iτ(m) − a
(s)
mτ(i) − Amτ(i) −Aiτ(m) . (28)
Therefore,
a
(s)
im = a
(s)
τ(i)τ(m) , (29)
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which is equivalent to the second condition < τ(αi), τ(αm) >=< αi, αm >
for the Belavin-Drinfeld triple. •
Remark 1. The difference of eqs. (24) and (25) gives the following relation
on the matrix Aij
Aim −Aτ(i)τ(m) = a
(s)
mi + a
(s)
τ(m)i − a
(s)
iτ(m) − a
(s)
τ(i)τ(m) = 0 . (30)
This shows that the map τ does not change the modified basis.
Remark 2. Consider two sequences of sets
Γ1 = Γ
(0)
1 ⊃ Γ
(1)
1 ⊃ Γ
(2)
1 . . . ⊃ Γ
(N)
1 ⊃ Γ
(N+1)
1 = ∅ ,
Γ2 = Γ
(0)
2 ⊃ Γ
(1)
2 ⊃ Γ
(2)
2 . . . ⊃ Γ
(N)
2 ,
(31)
defined by
Γ
(k+1)
1 = Γ
(k)
1 ∩ Γ
(k)
2 , Γ
(k)
1
τ
−→ Γ
(k)
2 .
We assume that the set Γ
(N)
1 is not empty. The number N is called the degree
of the triple (Γ1, Γ2, τ).
Introduce a set Γ˜
(k)
1 = τ
−k−1(Γ
(k)
2 ) ∈ Γ1. Then the mapping τ
k: Γ˜
(k−1)
1
τk
−→
Γ
(k−1)
2 6= ∅ also defines a Belavin-Drinfeld triple
(Γ˜
(k−1)
1 , Γ
(k−1)
2 , τ
k) . (32)
4. Modified Cartan-Weyl basis and normal order of roots.
Let ∆+ be the system of all positive roots of g with respect to Γ. A
construction of Cartan-Weyl basis in terms of the modified generators Ei
and Fi is analogous to the usual procedure for Uq(g) (see [5]).
Recall the notion of a normal (convex) order in ∆+: the set ∆+ is ordered
normally if any root γ which is a sum of roots α and β is placed between α
and β.
We write α < β if the root α is located to the left of the root β. For
α < β, the interval between roots α and β is denoted by {α, β}.
Given a normal order in ∆+, the modified Cartan-Weyl basis is con-
structed by the following inductive procedure. The generators for the simple
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roots are already defined. For a composite root γ, take a minimal interval
{α, β}, α < β, with γ = α+β (”minimal” means that there is no subinterval
{α˜, β˜} ⊂ {α, β} for which γ = α˜ + β˜). Assume that generators Eα, Eβ ,
Fα and Fβ were defined at previous steps. Then generators Eγ and Fγ are
defined by
Eγ = [Eα, Eβ]µ = EαEβ − µEβ Eα , (33)
Fγ = [Fα, Fβ]ν = Fα Fβ − νFβ Fα . (34)
where
µ = q−<α,β>+<α,Aβ> , ν = q−<α,β>−<α,Aβ>
and A is the operator with the matrix Aij:
< αi, A αj >= Aij .
If there are several possible minimal intervals {α, β} for which γ = α + β,
the definitions (33)-(34) give proportional results.
Note. For the case Aij = 0 the definition (33)-(34) of composite roots does
not coincide with the definition in [5] since we use the comultiplication (7)
which is different from the comultiplication in [5].
5. Twisting operators F12 for Belavin-Drinfeld triples.
For a given simple Lie algebra g fix a normal order in ∆+.
We need the expression for the inverse of the universal R- matrix for the
algebra Uq(g):
R−1 = ~
∏
β∈∆+
expqβ (−λ aβ (eβ ⊗ fβ)) ·K
(0) , (35)
where qα = q
<α,α>, λ = q − q−1 and K(0) ∈ qh⊗h. The product in eq. (35)
is the ordered product corresponding to the chosen normal order of roots.
For precise values of the constants aβ see [6], [5]. The function expq is the
standard q-exponent,
expq(u) =
∞∏
n=0
(1 + (q − 1)uqn)−1 =
∞∑
k=0
uk
kq!
, kq =
qk − 1
q − 1
. (36)
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Let (Γ1, Γ2, τ) be a Belavin-Drinfeld triple of degree N . Define elements
F (k) by
F
(k)
12 =
~∏
β∈∆
(k)
+
expqβ
(
−λ aβ (Eβ ⊗ Fτk(β))
)
, (37)
where in the ordered product we keep terms corresponding to only those
roots β for which τk(β) is defined (that is, the element eβ belongs to the
subalgebra with generators from the subset Γ˜
(k)
1 defined in (32)). This is
reflected in the notation β ∈ ∆
(k)
+ .
The expression (37) can be given a form
F
(k)
12 = (1⊗ T
k)
(
KR−1 (K(0))−1K−1
)
, (38)
where the operator T on the elements Fβ is defined by T (Fβ) = Fτ(β) wherever
τ(β) is defined; T (Fβ) = 0 otherwise. The operator K corresponds to the
solution of eqs. (19) for the given Belavin-Drinfeld triple.
Theorem. For the quantum algebra Uq(g) and the Belavin-Drinfeld triple
(Γ1, Γ2, τ) of degree N the universal twisting element F12 is
F12 = F
(N)
12 · F
(N−1)
12 · · ·F
(2)
12 · F
(1)
12 ·K ≡ F˜12 ·K (39)
with the factors F
(k)
12 defined in (37).
We sketch the proof shortly. It is based on explicit formulas for the
coproduct of elements F
(k)
12 :
(∆˜⊗ id)F
(k)
12 = F
(k)
23 (K
(k)
23 )
−1 F
(k)
13 K
(k)
23 , (40)
(id⊗ ∆˜)F
(k)
12 = F
(k)
12 (K
(k)
12 )
−1 F
(k)
13 K
(k)
12 , (41)
for some elements K(k) ∈ qh⊗h. The comultiplication ∆˜ is twisted as in (10).
Next, one can verify the following identities
F˜
(k)
23 F˜
(k+m)
13 F˜
(m)
12 = F˜
(m)
12 F˜
(k+m)
13 F˜
(k)
23 , (42)
where F˜ (k) = F (k) · (K(k))−1.
With the help of (40) - (42) it is straightforward to check the cocycle
condition (2).
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Remark 1. Another expression for the twisting element F was suggested in
[2]. The expression in [2] has a factorised form as well. However, the factors
F (i) are different; one of the differences is that each factor in [2] contains
terms from qh⊗h. In our expression (39) all terms from qh⊗h are collected;
the price is the appearance of the modified basis.
Remark 2. The element F in (39) satisfies the following analogue of the
linear ABRR equation [7]:
(1⊗ T )(F12R
−1(K(0))−1K−1) = F12K
−1 . (43)
6. Examples.
i) Uq(sl(3)) case (see [4]).
Here we have only one nontrivial Belavin-Drinfeld triple:
t
1
❅
❅❘
t
2
t t Fig.1
This Cremmer-Gervais type triple has degree 1 and the basic relations
(19) which define this triple are reduced to one equation R+1 = R
−
2 . The
antisymmetric matrix Aij is
Aij = δi,j+1 − δj,i+1 , (44)
with 1 ≤ i, j ≤ 2. The corresponding universal twisting element (39) has the
form
F12 = F
(1)
12 ·K = expq2(−λE1 ⊗ F2) ·K . (45)
ii) Cremmer-Gervais Uq(sl(4)) case.
For this case the triple is given by the following diagram
t
1
❅
❅❘
t
2
❅
❅❘
t
3
t t
❅
❅❘
t
t t t Fig.2
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It has degree 2. The basic relations (19) which define this triple are
R+1 = R
−
2 , R
+
2 = R
−
3 . The matrix Aij is given by (44), now with 1 ≤ i, j ≤ 2.
The corresponding universal twisting element (39) has the form
F12 = F
(2)
12 · F
(1)
12 ·K , (46)
where
F
(2)
12 = expq2(−λE1 ⊗ F3) , (47)
F
(1)
12 = expq2(−λE1⊗F2) expq2(q
−1λ [E12]⊗[F23]q2) expq2(−λE2⊗F3) . (48)
Here [E12] = E1E2 − E2E1 and [F23]q2 = F2F3 − q
2F3F2.
Remark. One can directly check that (45), (46) obeys the cocycle conditions
(2). For (45) this check requires only the basic equation for the q-exponent,
expq(y) expq(x) = expq(x+ y) if x y = q y x . (49)
For (46) one needs two more quantum identities. The first one is the famous
pentagon identity (see e.g. [8] and references therein)
expq(u) expq(v) = expq(v) expq([u, v]) expq(u) , (50)
where the operators u and v satisfy the commutation (Serre) relations
u [u, v] = q [u, v] u , v [u, v] = q−1 [u, v] v .
The second identity is
expq2(E) expq2(−R
+) expq2(F ) = expq2(F ) expq2(−R
−) expq2(E) , (51)
where E, F and R± generate the algebra
[E, F ] = (R+ − R−) , [R+, R−] = 0 ,
R±E = q±2E R± , R± F = q∓2 F R± .
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